A recent refinement of the classical discrete Jensen inequality is given by Horváth and Pečarić. In this paper, the corresponding weighted mixed symmetric means and Cauchy-type means are defined. We investigate the exponential convexity of some functions, study mean value theorems, and prove the monotonicity of the introduced means.
Introduction and Preliminary Results
A new refinement of the discrete Jensen inequality is given in 1 . The following notations are also introduced in 1 .
Let X be a set, P X its power set, and |X| denotes the number of elements in X. Let u ≥ 1 and v ≥ 2 be fixed integers. Define It is easy to observe from the construction of the functions S v , S v,w , T v and α v,i that they do not depend essentially on u, so we can write for short S v for S u v , and so on.
H 1 The following considerations concern a subset I k of {1, . . . , n} k satisfying
where n ≥ 1 and k ≥ 2 are fixed integers.
Next, we proceed inductively to define the sets I l ⊂ {1, . . . , n} l k − 1 ≥ l ≥ 1 by 
, r 0.
1.12
We also use the means For γ, η ∈ R, we introduce the mixed symmetric means with positive weights as follows:
1.14 and, for k − 1 ≥ l ≥ 1,
1.15
We deduce the monotonicity of these means from the following refinement of the discrete Jensen inequality in 1 . 
where the numbers A k,l k ≥ l ≥ 1 are defined in 1.10 and 1.11 . If f is a concave function, then the inequalities in 1.16 are reversed.
Under the conditions of the previous theorem,
1.17
Proof. Assume η, γ / 0. To obtain 1.18 , we can apply Theorem and raising the power 1/η. When η 0 or γ 0, we get the required results by taking limit.
Assume H 1 and H 3 . Then, we define the quasiarithmetic means with respect to 1.10 and 1.11 as follows:
and
1.21
The monotonicity of these generalized means is obtained in the next corollary.
Corollary 1.3. Assume (H 1 ) and (H 3 ). For a continuous and strictly monotone function
Then,
23
is convex and h is increasing or h • g −1 is concave and h is decreasing,
Proof. First, we can apply Theorem 1.1 to the function h • g −1 and the n-tuples g x 1 , . . . , g x n , then we can apply h −1 to the inequality coming from 1.16 . This gives 1.23 . A similar argument gives 1.24 :
. . , h x n and g −1 can be used.
Throughout Examples 1.4-1.5, 1.9-1.12, which are based on examples in 1 , the conditions H 2 , in the mixed symmetric means, and H 3 , in the quasiarithmetic means, will be assumed. where n/i is the largest positive integer not greater than n/i, and d i means the number of positive divisors of i. Then, 1.14 gives for η, γ ∈ R 
1.28
Assume H 4 holds, and consider the set I 2 in Example 1.4. Under the above settings, 1.15 can be written as 
Assume H 4 holds, and consider the set I k in Example 1.5. Then, Theorem 1.1 yields that
p r f x r .
1.35
This shows that
p r x r ≥ 0,
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The following result is also given in 1 . 
If f is a concave function then the inequalities 1.38 are reversed.
Under the conditions of the previous theorem, we have, from 1.38 , that 
1.40
Now, for γ, η ∈ R and k ≥ l ≥ 1, we introduce the mixed symmetric means with positive weights related to 1.37 as follows:
1.41
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1.42
Proof. The proof comes from Corollary 1.2.
Assume H 1 and H 3 , and suppose
We define for k ≥ l ≥ 1 the quasiarithmetic means with respect to 1.37 as follows: 
where either h • g −1 is convex and h is increasing or h • g −1 is concave and h is decreasing,
where either g • h −1 is convex and g is decreasing or g • h −1 is concave and g is increasing.
Proof. The proof is a consequence of Corollary 1.3.
Example 1.9. If we set
then α I n ,i 1 i 1, . . . , n , that is, 1.6 is satisfied for k n. It comes easily that
. . , n , and for each k 2, . . . , n
In this case, 1.41 becomes for n ≥ k ≥ 1
1.48 and 1.43 has the form
.48 is a weighted mixed symmetric mean and 1.49 is a generalized mean, as given in 2 . Therefore, Corollaries 1.7 and 1.8 are more general than the Corollaries 1.2 and 1.3 given in 2 .
Assume H 4 holds, and consider the set I k in Example 1.9. Then, Theorem 1.6 shows that
1.50
Thus, we have
Example 1.10. If we set
. . , n and thus 1.6 is satisfied. It is easy to see that
. . , and for each l 2, . . . , k
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Under these settings 1.41 becomes where
This yields that
p r x r ≥ 0, k ≥ 1. 
1.70
Therefore, we have
p r x r ≥ 0, n ≥ l ≥ 1.
1.71
Main Results
We have seen that for all n ∈ N and all choices ξ i ∈ R and x i x j ∈ a, b 1 ≤ i, j ≤ n .
We quote here useful propositions from 3 . ii f is continuous and
for every ξ i ∈ R and every 
First, we introduce a special class of functions. 
